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Abstract. Neutron stars are commonly considered as astronomical objects having high-
density interiors and an inner core region in which various hadronic matter phases are expected.
Several studies show that the inner structures affect macroscopic phenomena of the star.
However, we know that the inner structures of the star strongly depend on the equation of
state (EOS). The EOS of high-density matter is still not clear and several recent observations
indicate restrictions to EOSs. Theoretical studies should elucidate EOSs at high density and/or
high temperature. For instance, many theoretical studies have attempted to account for the
rotation effect of rapidly rotating neutron stars (i.e., pulsars). Accordingly, we also apply our
EOSs to rapidly rotating stars. Furthermore, neutron stars generate a strong magnetic field.
Several recent studies indicate that this magnetic field exerts restrictions on the EOS. In this
paper, we focus on the investigation of the inner structures and the application of our EOSs to
rotating stars. We find that one of our EOSs is consistent with observations, and another is
inconsistent. We also find an important relation between the radius and rotation.
1. Introduction
Neutron stars are often described as “astrophysical laboratories” because they display diverse
physical phenomena. The stars have extremely high density, strong magnetic fields, strong
gravity and rapid rotation. Stars that rapidly rotate at several hundred hertz are called
“millisecond pulsars”. It is believed that exotic physical phenomena appear in and/or around
such stars. The mass–radius relation is an important feature of neutron stars and has been
described in theoretical studies by the Tolman–Oppenheimer–Volkoff (TOV) equation[1]:
dp(r)
dr
= −
[p(r) + ǫ(r)]
[
M(r) + 4πr3p(r)
]
r [r − 2M(r)]
(1)
M(r) ≡ 4π
∫
r
0
ǫ(r)r2dr. (2)
However, several recent studies have suggested limitations of the theoretical studies. In
particular, the TOV equation assumes that the star is spherical. Neutron stars are observed
as pulsars, which are known to have fast rotation. Such stars should be elliptical rather than
spherical because of the rotation effect [2].
To investigate the properties of a neutron star, we need the equation of state (EOS) for
high-density matter. In particular, theoretical studies are attempting to elucidate the EOS for
quark matter because the central density of the star is sufficiently high that nuclear matter
becomes quark matter. Currently accepted theories and many experimental results suggest that
hadronic matter changes to quark matter in high-density and/or high-temperature regimes by
way of the deconfinement phase transition. The properties of quark matter have been actively
studied theoretically in terms of the quark–gluon plasma, color superconductivity [3, 4], and
magnetism [5, 6, 7], and experimentally in terms of relativistic heavy-ion collisions [8], the early
universe and compact stars [9, 10, 11, 12]. Such studies are continuing to provide exciting results
[13]. Presently, we consider that compact stars consist of not only nuclear matter but also other
matter such as hyperons and quarks. We call such stars hybrid stars.
Because many theoretical calculations have suggested that the deconfinement phase transition
is of the first order at low temperature and high density [14, 15], we assume that it is a first-
order phase transition here. The Gibbs conditions [16] then give rise to various structured mixed
phases. The structured mixed phases proposed by Heiselberg et al. [17] and Glenndening and
Pei [18] suggest a crystalline structure for the mixed phase in the cores of hybrid stars. One
phase is embedded in the another phase with geometrical structures. Such structures are called
“droplets”, “rods”, “slabs”, “tubes”, and “bubbles”. We present the EOS for the mixed phase
taking into account the charge screening effect [19] without relying on any approximations.
We investigate the inner structures of these stars [20]. In this paper, we apply our EOS to a
stationary rotating star.
2. Formalism
Our EOS was presented in detail in Ref. [19, 20] and here we only briefly review the EOS.
Our models are described as follows. The quark matter has three flavors: u, d, and s quarks.
Additionally, the electron is in the quark phase. We incorporate the MIT bag model and assume
a sharp boundary at the hadron–quark interface. u and d quarks are treated as massless and s as
being massive (ms = 150MeV), and the quarks interact via the one-gluon-exchange interaction.
Hadron matter comprises the proton, neutron and electron, which constitute simple nuclear
matter. We use the effective potential to reproduce the saturation properties of the nuclear
matter.
At the phase transition, we maintain strict thermodynamic conditions; i.e., the Gibbs
conditions’:
µQB = µ
H
B(≡ µB), µ
Q
charge = µ
H
charge, P
Q = PH, TQ = TH, (3)
where the superscript H(Q) denotes the hadron (quark) phase, and µ
H(Q)
B and µ
H(Q)
charge are
the baryon number and charge chemical potentials, respectively. Note that there are two
independent chemical potentials in this phase transition. Such a case should be much different
from the liquid–vapor phase transition that is described by a single chemical potential.
Furthermore, we need to use the thermodynamic potential in the calculation of the phase
transition. The total thermodynamic potential (Ωtotal) consists of hadron, quark and electron
contributions and the surface contribution: Ωtotal = Ωhadron + Ωquark + Ωsurface, where
Ωhadron(quark) denotes the contribution of the hadron (quark) phase. We here introduce the
surface contribution Ωsurface, parameterized by the surface tension value σ, Ωsurface = σS,
with S being the area of the interface. Note that Ωsurface may be closely related with the
deconfinement problem and unfortunately there is no known method that adequately treats the
problem. Therefore, many authors have treated the strength as a parameter and investigated
how its value affects the results; the values used range 10–100 MeV/fm2 [17, 18, 21]. We take
the value of 40 MeV/fm2, which is a moderate value, in our calculation. To investigate the
charge screening effect, we also make calculations without the screening effect [19, 22, 23]. We
then apply the EOSs derived in our paper [19] to the TOV equation [20, 24].
We finally apply our EOS to a stationary rotating star. However, it is difficult to take into
account the rotation effect of relativistic stars. We therefore assume:
1) stationary rigid rotation (i.e., uniform rotation),
2) axial symmetry with respect to the spin axis, and
3) the matter being a perfect fluid.
Stationary rotation in general relativity has been reviewed in [25] and [26]; we follow their
calculation. We then apply our EOS to a stationary rotating star.
3. Numerical results
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Figure 1. (Color online) Mass–radius relation of stars obtained with our models plotted against
the observational data listed in [26]. The difference between screening and no-screening mixed
phases is clearly small.
We first review the result of solving the TOV equation using our EOSs. Figure 1 shows the
mass–radius relations of stars with and without screening, using the Maxwell construction, and
in the case of pure hadronic matter. As done in our former paper [20], we note the error bar of
the radius.
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Figure 2. (Color online) Mass–frequency relation obtained with our models plotted against
the observational data listed in [26]. The solid and dashed curves represent the results obtained
with and without screening, respectively.
Figure 2 shows the result for a rotating star obtained using our EOSs with and without
screening. The upper curve shows the maximum mass of the star and the lower curve shows
the mass-shedding curve, which corresponds to the Kepler frequency. The Kepler frequency
indicates that the centrifugal force is equal in magnitude to gravity. Therefore, the area on the
right-hand side of the lower curve is physically invalid. Black dots are observations. Then, if
the upper curve is lower than the observations, the EOS should be ruled out. Our EOS in the
screening case is thus consistent with these observations. However, our EOS without screening
is not consistent and therefore inappropriate. This difference could be derived by the softness
of the EOS [26], although further investigations are needed.
Figure 3 shows an important relation between the radius and rotation. The radius of a star is
considered a single value because we ordinarily consider a star that is approximately spherical.
However, if the star is rapidly rotating, it should be elliptical. We thus have to recognize the
different radii. According to assumption 2), we have to consider two different radii, Req and Rp,
which are the equatorial radius and polar radius, respectively. Figure 3 shows Req and Rp with
respect to rotation. If the rotation rate is 400 Hz or higher, the two radii are different. We thus
have to note the effects of rotation on rapidly rotating stars.
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Figure 3. (Color online) Radius–frequency relation of our model plotted against observational
data (SAXJ1808.4-3658 and 4U1608-52). The solid and dashed curves represent the results
obtained with and without screening, respectively.
4. Summary and Concluding Remarks
In this paper, we presented the difference between EOSs with and without the charge
screening effect while taking into account rotation effects. We found that the EOS in the
screening case could reproduce the maximum mass of the observed data while that without
screening could not with respect to the spinning. Furthermore, the shape of the star should
be affected by the rotation, and we then have to consider two different radii. Therefore, when
studying rapidly rotating neutron stars, we have to pay attention to the “radius”. Moreover,
we need to further improve our models. In this study, we used a simple model for quark matter
and nuclear matter. To obtain a more realistic picture of the hadron–quark phase transition, we
need to take into account color superconductivity [3, 21] and relativistic mean field theory [27].
We will then be able to obtain results that are more realistic. Strong magnetic fields are a well-
known and attractive physical phenomenon of neutron stars [28, 29, 30]. However, the origin of
these strong magnetic fields is still not clear. Theoretical studies have attempted to explain the
strong magnetic fields using various methods [31, 32, 33, 34, 35]. One possible explanation if
the spin-polarization of quark matter [6, 36, 37, 38]. However, whether quark matter exists or
not strongly depends on the EOS of the matter. We did not take into account magnetic fields
in this study. If a magnetic field is included in our calculation, it will be possible to investigate
the relation between the magnetic field and the rotation effects [39].
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